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Higgs Mass Bounds from Renormalization Flow for a Higgs-top-bottom model
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We study a chiral Yukawa model mimicking the Higgs-top-bottom sector of the standard model.
We re-analyze the conventional arguments that relate a lower bound for the Higgs mass with vacuum
stability in the light of exact results for the regularized fermion determinant as well as in the
framework of the functional renormalization group. In both cases, we find no indication for vacuum
instability nor meta-stability induced by top-fluctuations if the cutoff is kept finite but arbitrary.
A lower bound for the Higgs mass arises for the class of standard bare potentials of φ4 type from
the requirement of a well-defined functional integral (i.e., stability of the bare potential). This
consistency bound can however be relaxed considerably by more general forms of the bare potential
without necessarily introducing new meta-stable minima.
PACS numbers: 11.10.Gh
I. INTRODUCTION
Long before the recent discovery of a comparatively
light standard-model Higgs boson [1], estimates and
bounds on this mass parameter have been derived from
renormalization arguments [2–8]. Assuming the validity
of the standard model over a wide range of scales up to
an ultraviolet (UV) cutoff scale Λ, together with mild as-
sumptions on the microscopic action at the scale Λ, typi-
cally leads to a finite range of possible low-energy values
for the Higgs mass, the so-called infrared (IR) window
[5, 9]. Similar arguments can also be applied to models
beyond the standard model of particle physics [10–14].
It has been suggested that Higgs masses below the lower
bound necessarily require the effective potential of the
standard model to develop a further minimum beyond
the electroweak minimum [15–21]. Since the measured
value of the Higgs mass near mH = 125GeV appears to
be near if not below the lower bound, the standard model
vacuum could be unstable or at least metastable. In the
latter case, the metastability has to be sufficiently long-
lived compared to the age of the universe to allow for our
existence [22–31].
While the occurrence of the vacuum instability is of-
ten attributed to the fluctuation of the top quark (and
therefore sensitively depends on the top mass), the con-
ventional perturbative analysis of determining the in-
stability has been questioned by non-perturbative meth-
ods. Within the toy model of a top-Higgs-Yukawa sys-
tem with discrete symmetry, lattice simulations have re-
vealed that the full effective potential in this model with
the cutoff kept finite does not develop an instability [32–
34]. By contrast, the perturbative treatment of the same
model in the limit Λ → ∞ exhibits an instability in dis-
agreement with the simulation results. Within the same
model and using functional methods, the occurrence of
the erroneous instability has been traced back to an im-
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plicit renormalization condition that contradicts the un-
derlying assumption of a well-defined functional integral
[35, 36].
In a series of recent lattice simulations using chiral
Higgs-Yukawa models, imposing the criterion of a sta-
ble bare potential (typically of φ4 type) has lead to a
number of quantitative results for the lower bound on
the Higgs mass [34, 37] without the need to require low-
energy stability. The same line of argument can in fact
be used to put strong constraints on the existence of a
fourth generation of flavor in the light of the Higgs boson
mass measurement [38, 39]. These results have also been
substantiated by conventional analytical methods [40].
In a recent work, we have been able to show that
the sole consideration of bare potentials of φ4 type is
actually too restrictive [41]. In fact, if the standard
model is viewed as a low-energy effective theory, there is
no reason to exclude higher-dimensional operators from
the bare potential. Their occurrence is actually ex-
pected. Whereas Wilsonian renormalization group (RG)
arguments of course suggest that low-energy observ-
ables remain almost completely unaffected by the higher-
dimensional operators, we have demonstrated that Higgs-
mass bounds can in fact exhibit a significant dependence
on the bare potential. This may seem counter-intuitive
at first sight, since the Higgs mass is clearly an IR observ-
able. However, a Higgs-mass bound formulated in terms
of a function of the cutoff, mH,bound(Λ), can be strongly
influence by a nontrivial RG running of the couplings
near the cutoff. In [41], we have identified a simple RG
mechanism that leads to a lowering of the conventional
lower bound for the case of a Z2-symmetric Yukawa toy
model.
Our findings of a “lowering” of the lower bound have
been confirmed in the chiral Yukawa models studied on
the lattice [42] as well as in a model involving an addi-
tional dark-matter scalar [43].
In view of the latent controversy about the (in-
)existence of a top-fluctuation induced vacuum in-/meta-
stability of the electroweak vacuum, the purpose of this
work is twofold: first, we demonstrate on the basis of ex-
act results for the fermion determinant in the presence
2of a scalar vacuum expectation value that the interaction
part contribution to the effective potential is positive if
the UV cutoff is kept finite but arbitrary. By contrast,
a removal of the cutoff by taking a naive limit Λ → ∞
makes the fermionic contribution to the effective poten-
tial unstable. Second, we generalize our results of [41] to
the chiral Yukawa model that is also used in lattice sim-
ulations. Using the functional RG, we demonstrate that
the conventional lower-bound can be relaxed consider-
ably by more general forms of the bare potential without
necessarily introducing new meta-stable minima.
The paper is organized as follows: in Sect. II, we intro-
duce our model and all relevant notation. Section III is
devoted to an analysis of exact properties of the fermion
determinant in order to explore the origin of the apparent
instability of the standard model vacuum. The nonper-
turbative RG flow equations of the present model are
summarized in Sect. IV. These are used in Sect. V to
compute the Higgs mass bounds of the model nonper-
turbatively for various bare potentials. Conclusions are
presented in Sect. VI.
II. CHIRAL HIGGS-TOP-BOTTOM MODEL
In order to illustrate our main points in a transpar-
ent fashion, we investigate a chiral Higgs-Yukawa model
forming a self-contained subset of the standard-model.
The field content consists of a scalar field which is a com-
plex SU(2)-doublet
φ =
1√
2
(
φ1 + iφ2
φ4 + iφ3
)
, (1)
and two Dirac fermions which represent the top and bot-
tom quark. The left-handed components of the bottom
and top transform as a doublet under SU(2) while the
right-handed components are singlets.
ψL =
(
tL
bL
)
, tR, bR.
The classical euclidean action of the model is given by
S =
∫
d4x
[
∂µφ
†∂µφ+ U(ρ¯)
+ iψ¯L/∂ψL + it¯R/∂tR + ib¯R/∂bR
+ ih¯b(ψ¯LφbR + b¯Rφ
†ψL)
+ ih¯t(ψ¯LφCtR + t¯Rφ
†
CψL)
]
.
(2)
where φC = iσ2φ∗ denotes the charge conjugated scalar.
The scalar field couples to the fermions via a chiral
Yukawa interaction where h¯t and h¯b are the (bare)
Yukawa couplings for the top and bottom respectively.
Furthermore, we include scalar self-interactions encoded
in the scalar potential which depends on the field invari-
ant
ρ¯ = φ†φ. (3)
The action (2) is invariant under the following global
symmetry transformations
φ→ eiαi σ
i
2 φ, ψL → eiα
i σi
2 ψL, tR → tR, bR → bR,
where σi are the Pauli matrices acting on the SU(2) dou-
blet structure and
φ→ eiβsφ,
ψL → eiβLψL,
tR → eiβ
t
RtR,
bR → eiβ
b
RbR.
Here, the β angles are related to a single angle by the
usual hypercharge assignments, βs =
1
2β, βL =
1
6β,
βtR =
2
3β, and β
b
R = − 13β. Thus, the model has a global
SU(2)×U(1) symmetry. The symmetry can be sponta-
neously broken down to a global U(1) by a nonzero vac-
uum expectation value of the scalar field φ → v, giving
rise to Dirac masses for the fermions and the Higgs boson
mass.
The classical action is already equipped with a poten-
tial for the scalar field U(ρ¯). Symmetry breaking in the
quantum theory occurs, if the corresponding renormal-
ized potential U develops a nonvanishing minimum ρ¯0.
In this case, we can write the masses 1 in terms of this
minimum and the renormalized Yukawa couplings ht and
hb,
v =
√
2Z
1
2
φ 〈φ〉 =
√
Zφρ¯0,
m2H = v
2U
′′(ρ¯0)
Z2φ
,
m2t =
1
2
v2h2t ,
m2b =
1
2
v2h2b,
where we already accounted for a wave function renor-
malization Zφ to be defined together with the other
renormalized quantities below.
Apart from the missing further matter and flavor con-
tent, our model also ignores the gauge sectors of the stan-
dard model. This avoids not only technical complications
and subtle issues arising from the gauge-Higgs interplay
[44, 45] in the standard model. But it will, of course,
also lead to decisive differences to standard model prop-
erties, which will be commented on in the course of this
work. Nevertheless, the gauge sector is less important for
the main points of the present work. In order to make
closer contact with the standard model language, we fix
v = 246GeV, mt = 173GeV and mb = 4.2GeV for il-
lustrative purposes, but leave the Higgs mass as a free
parameter for the moment.
For the following discussion it is important to note
that the standard model in its conventional form (as well
as the present model) may not be extendible to arbi-
trarily high momentum scales. The problem of trivial-
ity [46] – where substantial evidence has been accumu-
lated for φ4-type theories – is likely to extend to the full
1 For the derivative expansion used below, these mass definitions
already agree with the pole masses.
3chiral-Yukawa sector as well. If so, the definition of the
model unavoidably requires a UV cutoff Λ which physi-
cally plays the role of the scale of maximum UV extent
up to which a quantum field theory description is ap-
propriate. If the cutoff scale is sufficiently large, Wilso-
nian renormalization guarantees that the IR physics es-
sentially depends only on a finite number of relevant and
marginal parameters, rendering the theory predictive (in
spite of our ignorance about the physics beyond Λ).
In fact, the strategy of perturbative renormalization
manifestly allows to implicitly or explicitly take the limit
Λ→∞ for certain physical observables. For the general
definition of the theory, it is however important to accept
the fact that the cutoff Λ may unavoidably have to be
kept finite.2
Fixing physical parameters such as v,mt, and mb is
technically implemented by renormalization conditions.
Phenomenologically, it is useful to fix these conditions
at observational IR scales. Conceptually however, it is
equally well possible to impose suitable renormalization
conditions at the UV cutoff Λ. For instance for the
present model, we can fix ht, hb, and the scalar potential
U in terms of their bare quantities at the cutoff, htΛ = h¯t,
hbΛ = h¯b, and UΛ. In practice, the fixing can be done
such that the constraints set by the physical values of
v,mt, and mb are satisfied.
From this viewpoint, the Higgs boson mass as the re-
maining free parameter becomes a function of the uncon-
strained combinations of the UV couplings. Now, bounds
on the Higgs boson mass arise, if all permissible choices
of UV couplings result in a finite range of Higgs boson
masses. Examples for such finite ranges of possible Higgs
masses, so-called IR windows, are shown below in Figs. 1
and 2. Before we derive these results from the functional
RG, let us specifically pay attention to the lower bound
that has been associated with vacuum stability.
III. FERMION DETERMINANT AND
(IN-)STABILITY
Current state-of-the-art is a next-to-next-to-leading or-
der analysis of the standard model effective potential, in
order to study it’s stability properties, see, e.g., [28, 47].
However, the stability issue is already visible at one-
loop order. In a nutshell, the argument goes as follows,
see, e.g., [48]. First, standard renormalization condi-
tions on the effective potential are imposed in such a way
that a first nontrivial minimum occurs at v ≃ 246GeV.
This involves in particular to choose the counterterm
2 In principle, perturbative predictions for Λ → ∞ may differ from
those with a finite cutoff. However, let mObs denote the scale of
a typical IR observable; then this difference is typically of order
(mObs/Λ)
(2p), where p is some integer. For sufficiently large Λ,
this difference hence becomes insignificant.
∼ φ†φ appropriately. Then, one assumes based on RG-
improvement arguments that the effective potential for
large field values φ≫ v is well approximated by3
Ueff(ρ) ≃ λ(µ)
2
ρ2, ρ = φ†φ, (4)
where the RG scale µ then should be identified with the
field amplitude µ ≃ |φ|. The dependence of the φ4 cou-
pling on the scale µ can be computed by integrating its
β function from the IR (where the boundary condition
is fixed in terms of the Higgs mass) upwards to higher
scales. For the present model, the β function reads,
βλ =
1
4π2
[−h4t − h4b + λ(h2t + h2b) + 3λ2] . (5)
(This agrees with the corresponding standard-model sec-
tors if a color factor of Nc is included for each fermion
loop.) Obviously, the pure fermion-loop contributions
∼ h4t , h4b come with a negative sign, implying that they
tend to deplete λ towards the UV. In particular for a
heavy top (large ht) and a light Higgs (small λ), the
integrated coupling λ(µ) can drop below zero at high
scales. Identifying µ with |φ| and inserting this result
into Eq. (4) leads us to the standard conclusion that the
effective potential seems to develop an instability towards
large field values. [NB: In the present model, this line of
argument actually results in an effective potential being
unbounded from below for |φ| → ∞. In the full standard
model, electroweak fluctuations eventually stabilize this
effective potential again by turning λ(µ) back to positive
values for scales typically far above the Planck scale, see,
e.g. [49].]
With hindsight, the arguments underlying Eq. (4) rely
on the assumption that the field amplitude φ provides
for the only relevant scale at large values. It is precisely
this assumption that fails in the presence of a finite cut-
off independently of the size of the cutoff. In order to
see this, let us start from the (for simplicity Euclidean)
generating functional for the scalar correlation functions
of the model
Z[J ] =
∫
Λ
DφDψ¯Dψe−S[φ,ψ¯,ψ]+
∫
Jφ, (6)
where the appearance of Λ at the functional integral shall
remind us of the fact that the theory requires a regular-
ization procedure as part of its definition. As the action
is a quadratic form in the fermion fields, the correspond-
ing fermionic integral can be carried out and yields
Z[J ] =
∫
Λ
DφdetΛ(L(φ))e−SB[φ]+
∫
Jφ
=
∫
Λ
Dφ e−SB[φ]−SF,Λ[φ]+
∫
Jφ, (7)
3 In this section, we do not distinguish between bare and renor-
malized scalar fields, as this is not relevant at this order.
4where SB is the purely bosonic part of the action and
L(φ) denotes the Dirac operator in the presence of the
scalar field. In the second line of Eq. (7), we have in-
troduced the effective action SF,Λ[φ] arising from inte-
grating out the fermion fluctuations. As the fermion de-
terminant and thus also SF,Λ corresponds already to a
loop-integration, it suffices for the present purpose to in-
vestigate its properties for a homogeneous mean field φ.
Deviations from this mean field contribute to the full ef-
fective potential only in terms of fluctuations at higher-
loop order. Therefore, we concentrate on the fermion-
fluctuation induced contribution to the effective poten-
tial
UF(ρ) = − 1
Ω
ln detΛ(L(φ)), (8)
where Ω =
∫
d4x denotes the spacetime volume, and we
have used the fact that the dependence on φ must occur
in terms of the SU(2) invariant variable ρ. Incidentally,
Eq. (8) corresponds to the leading contribution to the
effective potential at large Nf .
Upon a global SU(2) rotation, the mean field can be ro-
tated into the φ4 component of the scalar field. The Dirac
operator then becomes block diagonal in top-bottom
space, reading La(φ) = i/∂ + i 1√2haφ4 where a = {t, b}
in the top or bottom subspace respectively. Because of
γ5 hermiticity, i/∂ is isospectral to −i/∂ which allows us to
write
UF(ρ) = − 1
2Ω
∑
a={t,b}
ln
detΛ(−∂2 + h2aρ)
detΛ(−∂2) , (9)
where ρ = 12φ
2
4 for our choice of mean field. In proceeding
from Eq. (8) to Eq. (9), we also used the freedom of choos-
ing the normalization of the generating functional such
that the fermion-induced effective potential is normalized
to the zero-field limit, i.e., UF(ρ = 0) = 0. This resulting
ratio of determinants can be evaluated straightforwardly,
once a regularization procedure has been chosen. The fi-
nal result will of course depend on the regularization for
any finite value of the cutoff Λ. As argued above, we
should not expect that the cutoff can be sent to infin-
ity, since our model is likely to have a scale of maximum
UV extent. In order to understand this regulator depen-
dence, it is therefore instructive to compute Eq. (9) for
different choices of the regularization.
1. Sharp cutoff
As the contributions from both quarks are formally
identical up to a different value of the Yukawa cou-
pling, it is sufficient to study UF,a and take the sum over
a = {t, b} afterward. A straightforward regularization is
provided by a sharp cutoff in momentum space, such that
Eq. (9) translates into
UF,a(ρ) = −2
∫
Λ
d4p
(2π)4
ln
(
1 +
h2aρ
p2
)
, (10)
where we have used that we work here with 4-component
Dirac spinors. As expected, the integral contains
quadratic and logarithmic “divergencies”, which can be
made explicit by writing the analytic exact result of the
integral as
UF,a(ρ) = − Λ
2
8π2
h2aρ (11)
+
1
16π2
[
h4aρ
2 ln
(
1 +
Λ2
h2aρ
)
+ h2aρΛ
2
−Λ4 ln
(
1 +
h2aρ
Λ2
)]
. (12)
Here observe that the quadratic divergence ∼ Λ2 has
been isolated in the first line. The remaining term in
square brackets contains only logarithmic divergencies ∼
ln Λ. It is however more important to note that the first
line also isolates the only term proportional to ρ ∼ φ†φ
and thus contributes to the mass parameter of the scalar
field. The remaining terms represent the interacting part
of the fermion-induced effective potential.
Most importantly: whereas the contribution to the
mass term is negative, as it should be, since fermion fluc-
tuations tend to induce chiral symmetry breaking, the
whole interaction part in square brackets is strictly pos-
itive for all ρ > 0. This follows immediately from the
inequality ln(1 + x) < x (for x > 0) applied to the last
term. Similarly, it can be shown that also the deriva-
tive of the interacting part with respect to ρ is strictly
positive for any finite value of ρ, ha and Λ.
We conclude that the fermion determinant – apart
from its contribution to the scalar mass term – is strictly
positive and monotonically increasing in its interacting
part. Therefore, once the scalar mass term has been fixed
by a renormalization condition, the remaining contribu-
tions from the top fluctuations to the interacting part of
the bosonic potential are strictly positive. This excludes
the possibility that an instability beyond the electroweak
vacuum is induced by fermionic fluctuations. This can
also be phrased in terms of a more rigorous statement: if
the potential of the purely bosonic part SB of the action
in Eq. (7) is bounded from below by a function of the
form UB(ρ) > c1 + c2ρ
1+ǫ with an arbitrary finite con-
stant c1 and finite positive constants c2, ǫ > 0, then also
the full potential including the fermionic fluctuations is
bounded from below.
This result is in obvious direct disagreement with
the standard perturbative reasoning outlined above, cf.
Eqs. (4) and (5). Nevertheless, it is in fact possible to
“rediscover” this seeming instability of the standard rea-
soning from the stable contribution (12) by trying to take
the limit Λ → ∞. The leading-order terms in this limit
read,
UF,a(ρ) = − Λ
2
8π2
h2aρ+
1
16π2
[
h4aρ
2 ln
Λ2
h2aρ
+
h4aρ
2
2
+O
(
(h2aρ)
3
Λ2
)]
.
(13)
5From here, it is tempting to isolate the divergencies ∼ Λ2
and lnΛ, combine them with the bare scalar mass and
φ4 coupling parameters, and trade them for renormal-
ized parameters m2φ(µ0) and λ(µ0). Here µ0 is some ar-
bitrary (typically low-energy renormalization scale). Ig-
noring the mass term for a moment, the renormalized
interaction contribution to the effective potential would
then read
UF,a(ρ)
?→ − 1
16π2
h4aρ
2
(
ln
h2aρ
µ20
+ const.
)
, (14)
where the constant depends on the details of the renor-
malization scheme. This is precisely the fermion-loop
contribution to the effective action, which we would ob-
tain from integrating the first two terms of the βλ func-
tion (5) from µ0 to µ and identifying µ
2 ∼ ρ. Hence, we
have “rederived” the contribution with the characteristic
minus sign that seems to indicate the presence of an in-
stability at large values of ρ, while the cutoff Λ seems to
have disappeared completely.
The problem of this line of argument becomes obvious,
once we go back to the cutoff-dependent leading order
terms in Eq. (13). It is straightforward to work out that
also these leading-order terms seem to have an instabil-
ity: the interaction part of the potential in square brack-
ets first develops a maximum and then eventually turns
negative for large fields ρ. However, the location of the
maximum is in fact at h2aρ = Λ
2. In other words, these
seeming instability features appear precisely at those field
values, where the expansion in terms of the parameter
h2aρ
Λ2 ≪ 1 breaks down. We conclude that the instabil-
ity “discovered” in Eq. (14) is an artifact of having tried
to send the cutoff to infinity Λ → ∞ together with a
problematic choice of renormalization conditions. In fact,
it has been shown in [35, 36] for the Z2-Yukawa model
that the renormalization conditions needed to arrive at
Eq. (14) require an unstable bare bosonic potential with
negative bare φ4 coupling, λ(Λ) < 0.
Some additional comments are in order:
(1) Our conclusions are identical to those of [32, 33],
where essentially the same results have been found for the
Z2-Yukawa model. In these works, fully nonperturbative
lattice simulations have been compared with the one-loop
effective potential with a cutoff kept finite, matching the
lattice data almost perfectly. By contrast, the effective
potential with the cutoff removed a la Eq. (14) shows an
artificial instability in strong disagreement with the non-
perturbative simulation. This work has been criticized
[48, 50] also because it is generically difficult on the lat-
tice to bridge wide ranges of scales, in particular to sepa-
rate the cutoff from the long-range mass scales by many
orders of magnitude. As is clear from the above discus-
sion, this problem does not exist for the present line of
argument; the cutoff can be arbitrarily large in the above
discussion of the fermion determinant. As long as it is
finite, the interaction part of the determinant does not
induce any instability.
(2) For the above discussion and the comparison to
the standard line of arguments at one-loop order, it has
been sufficient to evaluate the determinant for a homo-
geneous mean field. Though this does not interfere with
our argument, one might ask whether the determinant
behaves qualitatively differently for non-homogeneous
fields. Some exact results are known for d = 1 + 1 di-
mensional determinants, where the Peierls instability at
a finite chemical potential can lead to inhomogeneous
ground states with lower free energy [51]. However, the
vacuum ground state is generically homogeneous as no
mechanism exists that can “pay” for the higher cost in
kinetic energy. Absolute lower and upper bounds for
fermion determinants have been found, e.g., for QED
[52].
(3) The fact that the interaction part of the fermion
contribution to the scalar potential is positive does not
imply that the full theory cannot have further potentially
(meta-)stable vacua. The conclusion rather is that such
further vacua have to be provided by the bosonic sector.
In particular, the bare bosonic potential UB can in princi-
ple be chosen such that it has several vacua. As a special
case, it is even possible to construct somewhat special
examples such that the bare bosonic potential has one
minimum, but the sum of UB and UF has two minima.
This is still very different from the perturbative reason-
ing which for the present model seems to suggest a global
instability due to the fermionic fluctuations, whereas a
global instability of UB + UF in our analysis would have
to be seeded from the choice of UB. In other words, our
arguments do not exclude that our electroweak vacuum is
unstable, but they suggest that such an in/meta-stability
would have to be provided by the microscopic underly-
ing theory, see [53] for a specific example from string
phenomenology. In this case, however, the Higgs mass
bounds from metastability as well as the life-time esti-
mates of the electroweak vacuum would be very different
from the conventional estimates, see e.g. [54].
(4) As mentioned above, the result for the fermion de-
terminant is regulator dependent, as long as the cutoff is
kept finite. The preceding results have been derived for
a sharp cutoff in momentum space. These results in fact
generalize to arbitrary smooth cutoff shape functions in
momentum space as they can be implemented straight-
forwardly within the functional RG framework, see below
and App. B. Though this is not an issue for the present
model, one might be concerned about the fact that such
regularizations are not gauge invariant. Hence a gauge-
invariant regularization is studied in the remainder of this
section.
2. ζ function regularization
It is illustrative to study the fermion determinant also
using ζ function regularization which can be used to in-
terpolate between propertime and dimensional regular-
ization. For this, we write UF of Eq. (9) for one of the
6quark flavors as
UF,a(ρ) =
1
2Ω
∫ ∞
1/Λ2
dT
T
(
e−h
2
aρT − 1
)
Tr e∂
2T , (15)
where T is a propertime parameter, being introduced
via Frullani’s formula for a representation of the loga-
rithm. Here the lower bound of the T integral serves as
a (gauge-invariant) momentum cutoff. Furthermore, we
now evaluate the momentum trace in d dimensions and
introduce an arbitrary dimensionful scale µ0 in order to
implement the correct dimensionality of the potential,
Tr→ trγΩ
∫
d4p
(2π)4 → trγ Ωµd−40
∫
ddp
(2π)d
. We obtain,
UF,a(ρ) =
2µ4−d0
(4π)d/2
∫ ∞
1/Λ2
dT
T 1+(d/2)
(
e−h
2
aρT − 1
)
. (16)
In the limit d→ 4, we have the standard propertime reg-
ularization, whereas in the limit Λ→∞, we end up with
dimensional regularization. Separating the mass term
∼ ρ as before, we get
UF,a(ρ) = − 4µ
4−d
0
(d− 2)(4π)d/2h
2
aρΛ
d−2 (17)
+
2µ4−d0
(4π)d/2
∫ ∞
1/Λ2
dT
T 1+(d/2)
(
e−h
2
aρT + h2aρT − 1
)
.
(18)
Again, we observe that the mass term (first line) con-
tributes with the minus sign as expected, whereas the in-
teraction part (second line) is a strictly positive function
for all finite values of Λ, ha, ρ, d > 0. The conclusions
are therefore identical to the ones for the sharp cutoff.
Incidentally, the propertime integration can be carried
out analytically, the result can be written in terms of an
incomplete Γ function with the positivity properties of
course remaining unchanged.
As the mass term will become part of the renormalized
scalar mass term by means of a renormalization condi-
tion, let us now focus on the interaction part Eq. (18).
In order to take the limit towards dimensional regular-
ization, we first take the limit Λ→∞, and then expand
about d = 4 − ǫ, as is standard. We then find for the
interaction part
UF,a(ρ)→ 2µ
4−d
0
(4π)d/2
(h2aρ)
d/2Γ(−d/2) (19)
=
h4aρ
2
8π2
1
ǫ
−h
4
aρ
2
16π2
(
ln
h2aρ
µ20
+ const.
)
+O(ǫ). (20)
Following the standard recipes, we would absorb the pos-
itive 1/ǫ divergence in the bare φ4 term by means of a
renormalization condition. The finite part in Eq. (20) is
identical to that of the sharp cutoff in Eq. (14) in the
limit Λ → ∞ (apart from the scheme-dependent con-
stants), seemingly indicating an instability at large field
values. With dimensional regularization, we would there-
fore arrive at the standard conclusion that fermionic fluc-
tuations can induce an instability of the vacuum at large
fields.
Whereas for the sharp cutoff, this was an obvious ar-
tifact of the Λ → ∞ limit, the failure is less obvious
here. Nevertheless, as we have derived this misleading
result of a negative contribution from a strictly positive
expression given in Eq. (18), it is clear that the standard
strategies of dimensional regularization fail to describe
the global behavior of the fermion determinant properly.
The reason is that dimensional regularization is not only
a regularization but at the same time a projection solely
onto the logarithmic divergencies. It has in fact long been
known that the use of dimensional regularization in the
presence of large fields can become delicate; procedures
to deal with this problem typically suggest to go back to
the dimensionally continued propertime/ζ-function rep-
resentation that we started out with [55, 56].
There is another perspective that explains why the
standard perturbative argument of integrating the β
function of the φ4 theory is misleading as far as vac-
uum stability is concerned: the β functions are typi-
cally derived in mass-independent regularization schemes
(though mass-dependent schemes have recently also been
studied [57]), and it is implicitly assumed that the dis-
cussion can be performed in the deep Euclidean region
where all mass scales are much smaller than any of the
involved momentum scales of the fluctuations. The latter
assumption is in fact not valid, as both scales the value of
the field as well as the cutoff Λ can interfere non-trivially
with each other. This is illustrated rather explicitly in
the sharp-cutoff calculation given above.
IV. RENORMALIZATION FLOW
Independently of the validity of the perturbative argu-
ments about vacuum stability, the comparatively small
mass of the observed Higgs boson [1] poses a challenge:
the fermionic fluctuations (dominated by top loops) con-
tribute to the curvature of the effective potential which
determines the Higgs boson mass. Even in the absence of
any bosonic interactions, this appears to lead to a lower
bound on the value of the Higgs mass which are in tension
with the measured value. This line of argument has been
used in quantitative lattice studies [34, 37]. For render-
ing simulations on a Euclidean lattice well defined, the
bosonic action has to be bounded from below; in prac-
tice, lower bounds on the Higgs mass thus arise in the
limit of the bare φ4 coupling approaching zero, λ¯→ 0+.
While it may be debatable whether this criterion could
be relaxed for a Minkowskian functional integral in the
continuum, we have already provided first examples in
the Z2-symmetric Yukawa toy model, that these conven-
tional lower-bounds can be relaxed by allowing for more
general forms of the bare potential [41]. These results
have recently been confirmed in lattice simulations [42].
7In particular, no state of meta-/instability is required for
relaxing the lower bound. In the following, we general-
ize these results to the chiral top-bottom-Higgs Yukawa
model.
For this, we use the functional RG as a nonperturba-
tive tool. Though our results for the lower Higgs mass
bound can in principle also be derived within a pertur-
bative framework, the functional RG allows to discuss
weak-coupling limits (lower bounds) as well as the large-
coupling region (upper bounds) in a unified setting. Also,
more generalized bare actions can be dealt with more
conveniently, the preceding fermion determinant results
arise in a specific limit, and higher-loop effects as well
as RG improvement are automatically included. Start-
ing from a bare microscopic action S defined at a UV
cutoff Λ (which may or may not be sent to infinity), the
RG flow of a corresponding scale-dependent action Γk is
determined by the Wetterich equation [58]
∂tΓk =
1
2
STr
[ ∂tRk
Γ
(2)
k +Rk
]
, t = ln
k
Λ
, (21)
which interpolates smoothly between microscopic
physics, Γk=Λ = S and the full quantum effective
action Γk=0 = Γ. Γ
(2)
k in Eq. (21) denotes the second
derivative of Γk with respect to the fluctuating fields
(φa, tL, t¯L, · · · ) and the supertrace includes a minus
sign for fermionic degrees of freedom. The regulator
Rk in the denominator acts as an IR cutoff for modes
with momenta smaller than k. The derivative ∂tRk at
the same time provides for a UV regularization. For
instance, for a suitable choice of Rk in terms of a sharp
cutoff, taking only the fermion loops of Eq. (21) into
account reproduces the fermion determinant results
given above. For detailed reviews of the functional RG,
see [59–65].
We compute the effective average action at next-to-
leading order (NLO) in a derivative expansion, corre-
sponding to the following truncation:
Γk =
∫
x
[
Zφ|∂µφ|2 + U(φ†φ) + ZLψ¯Li/∂ψL + ZtRt¯Ri/∂tR
+ ZbRb¯Ri/∂bR + ih¯b(ψ¯LφbR + b¯Rφ
†ψL) (22)
+ ih¯t(ψ¯LφCtR + t¯Rφ
†
CψL)
]
.
Here the scalar potential, both Yukawa couplings and the
wave function renormalizations Zφ, ZL and Z
t,b
R for the
fields depend on the RG scale k (U = Uk, ht = ht,k,
· · · ). For compactness of notation, this dependence is
suppressed.
Inserting this truncation into the Wetterich equation
leads to the β functions, i.e., the flow equations for the
effective potential, the Yukawa couplings as well as for
the wave function renormalizations. The latter will be
encoded in the anomalous dimensions of the fields,
ηi = −∂t lnZi,
where i labels the different fields. Furthermore, it is use-
ful to define dimensionless renormalized quantities, such
as
ρ = Zφk
2−dφ†φ
h2t = Z
−1
φ Z
−1
L Z
t
R
−1
kd−4 h¯2t ,
h2b = Z
−1
φ Z
−1
L Z
b
R
−1
kd−4 h¯2b.
Here and in the following, we work in d dimensional
spacetime for reasons of generality. Accordingly, the di-
mensionless potential simply reads:
u = k−dU.
In the following, we list the flow equations for the various
quantities, as they follow from the Wetterich equation,
using standard calculation techniques, see, e.g., [66]. The
flow equation for the potential can be written as:
∂tu = −du+ (d− 2 + ηφ)ρu′
+ vd
(
3ld0(u
′) + ld0(u
′ + 2ρu′′)
)
− dWvd
(
l
(F)d
0L (h
2
tρ) + l
(F)d
0L (h
2
bρ)
+ l
(F)d
0Rt
(h2tρ) + l
(F)d
0Rb
(h2bρ)
)
,
(23)
where primes denote derivatives with respect to ρ. The
threshold functions ld0 , l
(F)d
0L , l
(F)d
0Rt
and l
(F)d
0Rb
governing the
decoupling of massive modes can be found in the ap-
pendix for the convenient choice of a linear regulator.
Here, v−1d = 2
d+1πd/2Γ(d/2) and dW is the dimension
of the spinor representation of the Weyl fermions. We
will specialize to d = 4 and dW = 2 for quantitative cal-
culations. The flow equations for the Yukawa couplings
are
8∂th
2
t = (d− 4 + ηφ + ηL + ηtR)h2t
− 4vdh4t
[
(6κu′′ + 4κ2u′′′)l(FB)d1,2 (h
2
tκ, u
′ + 2κu′′)− 2κu′′l(FB)d1,2 (h2tκ, u′)
+ 2h2tκ
(
l
(FB)d
2,1 (h
2
tκ, u
′ + 2κu′′)− l(FB)d2,1 (h2tκ, u′)
)− l(FB)d1,1 (h2tκ, u′ + 2κu′′) + l(FB)d1,1 (h2tκ, u′)]
− 8vdh2th2b
[
− 2κu′′l(FB)d1,2 (h2bκ, u′)− 2h2bκ l(FB)d2,1 (h2bκ, u′) + l(FB)d1,1 (h2bκ, u′)
]∣∣∣
ρ=κ
,
∂th
2
b = (d− 4 + ηφ + ηL + ηbR)h2b
− 4vdh4b
[
(6κu′′ + 4κ2u′′′)l(FB)d1,2 (h
2
bκ, u
′ + 2κu′′)− 2κu′′l(FB)d1,2 (h2bκ, u′)
+ 2h2bκ
(
l
(FB)d
2,1 (h
2
bκ, u
′ + 2κu′′)− l(FB)d2,1 (h2bκ, u′)
)− l(FB)d1,1 (h2bκ, u′ + 2κu′′) + l(FB)d1,1 (h2bκ, u′)]
− 8vdh2bh2t
[
− 2κu′′l(FB)d1,2 (h2tκ, u′)− 2h2tκ l(FB)d2,1 (h2tκ, u′) + l(FB)d1,1 (h2tκ, u′)
]∣∣∣
ρ=κ
,
(24)
where κ denotes the minimum of the potential. Finally, the anomalous dimensions are given by
ηφ =
8vd
d
κ
[
3u′′md22(u
′) + (3u′′ + 2κu′′′)2md22(u
′ + 2κu′′)
]
− 8dW
d
vd
[
κh4tm
(F)d
2 (h
2
tκ)− h2tm(F)d4 (h2tκ; ηt) + κh4bm(F)d2 (h2bκ)− h2bm(F)d4 (h2bκ; ηb)
]∣∣∣
ρ=κ
,
ηL =
4vd
d
[
h2t
(
m
(FB)d
1,2 (κh
2
t , u
′) +m(FB)d1,2 (κh
2
t , u
′ + 2κu′′)
)
+ 2h2bm
(FB)d
1,2 (κh
2
b, u
′)
]∣∣∣
ρ=κ
,
ηtR =
4vd
d
h2t
[
m
(FB)d
1,2 (h
2
tκ, u
′) +m(FB)d1,2 (h
2
tκ, u
′ + 2κu′′) + 2m(FB)d1,2 (h
2
bκ, u
′)
]∣∣∣
ρ=κ
,
ηbR =
4vd
d
h2b
[
m
(FB)d
1,2 (h
2
bκ, u
′) +m(FB)d1,2 (h
2
bκ, u
′ + 2κu′′) + 2m(FB)d1,2 (h
2
tκ, u
′)
]∣∣∣
ρ=κ
.
(25)
Again, the definition of the threshold functions can be
found in the appendix. Furthermore it is useful to define
anomalous dimensions of the top and bottom quark via
ηt =
1
2
(ηL + η
t
R), ηb =
1
2
(ηL + η
b
R). (26)
The flow equations agree with those for the Z2-symmetric
Yukawa model [41, 67] in the limit of a vanishing bottom
sector, hb = 0, and ignoring the terms arising from the
additional scalar contributions.4 The reliability of the
derivative expansion can be monitored with the aid of the
anomalous dimension, providing a rough measure for the
importance of the higher-derivative terms. In practice,
we study the convergence of the derivative expansion by
comparing leading-order results (ηi = 0) to the full NLO
calculation, see below.
4 As further cross-checks, we note that our flows also agree with
those of [68, 69] for NL = 2 and hb = 0 (apart from a missing
factor of 1/2 in ηL,R as also noted in [70]). We also observe
agreement with the flows of [71] for hb = 0 and upon dropping
the gauge sector in that work.
V. NONPERTURBATIVE HIGGS MASS
BOUNDS
The flow equations listed above enable us to take a
fresh look at Higgs boson mass bounds possibly aris-
ing from the RG flow of the model. For this, it is
useful to think of the RG flow as a mapping from a
microscopic theory defined at some high scale Λ onto
the effective long-range theory governing the physics ob-
served in collider experiments. For this mapping, we
use the standard-model-type parameters v = 246GeV,
mt = 173GeV and mb = 4.2GeV as constraints. The
range of all possible Higgs boson masses resulting from
the remaining UV parameters for a given cutoff then de-
fines the IR window and correspondingly puts bounds on
the Higgs boson mass as a function of the cutoff scale Λ.
In full generality, constructing this mapping is a com-
plex problem, since the microscopic theory at scale Λ is
a priori unconstrained to a large extent. At first sight,
it seems natural to allow only the renormalizable terms
in the bare action. For the present model, this has been
successfully implemented in extensive lattice simulations
[34, 37, 38] yielding quantitative results for the Higgs
mass bounds. In particular, the lower bound arises from
the lowest possible value for the Higgs selfinteraction λ¯φ4,
i.e., λ¯ → 0, for which the lattice theory remains well-
defined. The resulting bounds should therefore not be
viewed as vacuum stability bounds, but as consistency
9bounds arising from the requirement that the underlying
lattice partition function is well defined.
However, there is no need at all to confine the bare
theory to just the renormalizable operators. On the con-
trary, generic underlying theories (UV completions) are
expected to produce all terms allowed by the symmetries,
such that the search for Higgs mass bounds corresponds
to finding extrema of a function (the Higgs mass) de-
pending on infinitely many variables (the bare action).
Formulated in terms of this generality, it is actually un-
clear whether these extrema and thus a universal consis-
tency bound exist at all. We therefore confine our study
to a much simpler question: given the lower mass bound
arising within the conventional class of φ4 potentials, can
we find more general bare potentials, which (a) lower the
mass bounds and (b) do not show an instability towards a
different vacuum neither in the UV nor in the IR? While
(a) is obviously inspired by the fact that the measured
Higgs boson mass seems to lie below the conventional
lower bound, an answer to (b) can serve as an illustra-
tion that no meta-stability is required in order to relax
the lower bound.
While these two questions have been answered in the
affirmative for the Z2-Yukawa model in [41] with func-
tional RG methods as well as for the present chiral model
with lattice simulations up to cutoff scales on the order
of several TeV [42], the present flow equation study can
elucidate the underlying RG mechanisms in more detail
and can bridge a wide range of scales. Furthermore, it is
straightforward to deal with two distinct quark masses,
ht 6= hb, in our functional approach, whereas simulations
with the physical ratio mt/mb ≃ 40 would be rather ex-
pensive on the lattice.
Before we turn to a quantitative analysis of the RG
flow, we have to cure a deficiency of the chiral Yukawa
model in comparison with the full standard model top-
bottom-Higgs sector. Since chiral symmetry breaking in
the present model breaks a global symmetry, our present
model has massless Goldstone bosons in the physical
spectrum. This is different from the standard model
where the would-be Goldstone bosons due to their in-
terplay with the gauge sector are ultimately absent from
the physical spectrum, the latter finally containing mas-
sive vector excitations. In order to make contact with
the standard model physics, we therefore have to modify
our chiral Yukawa model, otherwise the massless Gold-
stone modes have the potential to induce an IR behavior
which is very different from that of the standard model.
This modification of the model is not unique and could
be done in various ways. For instance on the lattice, the
influence of the unwanted Goldstone bosons is identified
by their strong finite volume effects and subtracted ac-
cordingly [37, 38]. Similarly, we could study the onset of
Goldstone dynamics in the limit k → 0 and perform a
similar subtraction.
In the present work, we model the decoupling of Gold-
stone bosons more physically as inspired by the Higgs
mechanism in the fully gauged version of the theory:
generically all dependencies on the particle masses and
their decoupling is contained in the threshold functions of
the flow equations. For the linear regulators used below,
this dependence occurs in the form
k2
k2 +m2
(27)
to some power. For k → 0, all these functions vanish for
finite particle masses m, whereas massless modes such as
Goldstone modes with m = mG = 0 contribute equally
on all scales k. (For other regulators, the functional de-
pendence on k and m may look differently, but behaves
analogously in the various limits.) The Goldstone modes
can therefore directly be identified in our flow equations.
They contribute to those threshold functions that contain
an argument ∼ u′(ρ) in the SSB regime. As soon as we
enter the broken regime, the corresponding mass argu-
ment m2G/k
2 ∼ u′(κ) vanishes at the running minimum
κ of the potential. We thus can dynamically remove the
Goldstone modes by the replacement
k2
k2 +m2G
→ k
2
k2 +m2G + g
v2k
2
mG=0=
k2
k2 + g
v2k
2
,
in the broken regime. Here, vk is the running vacuum
expectation value approaching vk → v in the long range
limit k → 0, and g is an a priori free parameter. In-
spired by the decoupling of massive vector bosons in the
full standard model, we choose g in such a way that
the resulting masses for the Goldstone bosons have the
same order of magnitude as the W boson mass scale, e.g.
g = 2(80/246)2. It turns out that the results for the
lower Higgs mass bound is only slightly affected by dif-
ferent choices of g, as well as different choices of removing
the Goldstone mode contributions, cf. App. C.
As a result, all fluctuations acquire a mass in the
regime of spontaneous symmetry breaking (SSB) and the
whole flow freezes out, similarly to the Z2 Yukawa model
and as expected in the full standard model.
Now that we have amended our model with a dynam-
ical removal of the unwanted Goldstone bosons, the RG
flow of the model is technically similar to the simpler Z2
invariant Yukawa model extensively studied in [41]. In
the following, we therefore focus on the new features in-
duced by the additional degrees of freedom of the chiral
model such as the bottom quark and the three additional
real scalar fields. Further technical details follow those
of [41].
The relevant information to compute Higgs mass
bounds can be extracted from the shape of the scalar
effective potential near its minimum. We extract this in-
formation from a power series expansion of the potential
about this flowing minimum. In the symmetric (SYM)
regime, we expand about zero field-amplitude
u =
Np∑
n=1
λn
n!
ρn
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in which λ1 is a mass term and λ2 the quartic coupling.
Np defines the order of this polynomial expansion. In
practice, all results studied in this work converge rather
rapidly in this expansion. The expansion point in the
SSB regime is set by the nonvanishing vev
u =
Np∑
n=2
λn
n!
(ρ− κ)n.
The flow equations for the couplings λ1, · · · , λNP (SYM)
or κ, λ2, · · · , λNP (SSB) can be read off from Eq. (23).
A. Bare potentials of φ4 type
First, we determine mass bounds for the Higgs boson
arising from microscopic bare potentials of φ4 type,
uΛ = λ1,Λρ+
λ2,Λ
2
ρ2 (SYM) (28)
uΛ =
λ2,Λ
2
(ρ− κΛ)2 (SSB). (29)
For small λ2,Λ a physical flow typically starts in the SYM
regime. Near the electroweak scale the system is driven
into the SSB regime by fermionic fluctuations. Mathe-
matically speaking, we switch from the flow eq. for the
SYM to the SSB couplings at the scale, where λ1 crosses
zero. In the SSB regime a nonzero vev builds up, induc-
ing masses for all particles in the theory including the
would-be Goldstone bosons as discussed above. This re-
sults in a decoupling of all modes in the IR and therefore
all dimensionful quantities freeze out.
By contrast: for large λ2,Λ, the theory already starts in
the SSB regime with a small value for κΛ. The flow still
runs over many scales, depending on the initial condi-
tions, until κ eventually grows large near the electroweak
scale. As a result, all modes decouple and we can read
off the long-range observables.
The flow equation provide us with a map of the UV
parameters to physical parameters such as the mass of
the Higgs, the top or the bottom quark. In the following,
we fine tune either λ1,Λ if we start in the SYM regime
or κΛ in the SSB regime, in order to arrive at a vev of
vk→0 = 246GeV in the IR. Further, we vary the bare
top ht,Λ and bottom hb,Λ Yukawa coupling such that we
obtain the desired top and bottom quark mass, mt ≃
173GeV and mb ≃ 4.2GeV. For this reduced class of
bare φ4 potentials, the Higgs mass is only a function of
the bare quartic coupling λ2,Λ for a fixed cutoff. In order
to start with a well defined theory in the UV, λ2,Λ must
be strictly nonnegative.
We find that the Higgs mass is a monotonically in-
creasing function of the bare quartic coupling, which can
be seen in Fig. 1. Here, the Higgs mass mH is plotted as
a function of the bare quartic coupling λ2,Λ for a fixed
cutoff Λ = 107GeV. The lower bound is approached for
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FIG. 1. Higgs mass mH as a function of the bare quartic
coupling λ2,Λ for fixed cutoff Λ = 10
7GeV for various ap-
proximations. Dashed lines depict leading order results in the
derivative expansion while solid lines show the next-to-leading
order. Also the convergence of the polynomial truncation of
the scalar potential is illustrated. Red lines with squares arise
from Np = 2 whereas blue lines with circles are derived for
Np = 4.
λ2,Λ → 0, where the Higgs mass becomes rather inde-
pendent of λ2,Λ. This was also shown in lattice simula-
tions for the Z2 model [32] as well as for a chiral Yukawa
theory [37]. For large bare quartic couplings the Higgs
mass reaches a region of saturation. To test the conver-
gence of our expansion and truncation, we plotted the
Higgs mass in various approximations in Fig. 1. The
derivative expansion is tested by comparing leading-order
(LO) (dashed lines) to NLO results (solid lines). At LO,
we drop the running of the kinetic terms in Eq. (22),
achieved by setting the anomalous dimensions to zero in
the flow equation (23) and (24). These differ by at most
12% for small as well as for large couplings. The dif-
ference for small couplings is somewhat larger than in
the Z2-symmetric Yukawa model because of the larger
number of fluctuating scalar components.
Furthermore, we varied Np to check the convergence of
the polynomial expansion of the potential. The simplest
nontrivial order is given by Np = 2 and plotted as red
lines with squares in Fig. 1. For Np = 4 (blue lines with
circles) there are only small deviations for small λ2,Λ (∼
2GeV) and deviations of 5% for large λ2,Λ compared to
Np = 2. Beyond this, we find no deviations between the
Higgs masses for Np = 4, 5, 6, 8, 10 within our numerical
accuracy, demonstrating the remarkable convergence of
the polynomial truncation for the present purpose.
In Fig. 2, resulting Higgs masses are plotted as a func-
tion of the UV cutoff for different bare quartic couplings
for a wide range of cutoff values Λ = 103, · · · , 109GeV.
The lower black line is derived for λ2,Λ = 0 and indi-
cates a lower bound for mH within the φ
4 type bare po-
tentials. Incidentally, it agrees comparatively well with
the results of a simple mean-field (“large-Nf”) calcula-
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FIG. 2. Higgs mass mH as a function of the cutoff Λ for
various bare quartic couplings. The black solid line represents
a lower mass bound (λ2,Λ = 0) within φ
4 theory. Dashed lines
depict Higgs masses for λ2,Λ = 1 (red), 10 (blue), 100 (green)
from bottom to top.
tion sketched in the Appendix. Dashed lines depict up-
per Higgs mass bounds if one restricts the bare quartic
coupling to λ2,Λ ≤ 1, 10, 100 (from bottom to top). Arti-
ficially restricting the coupling λ2,Λ to the perturbatively
accessible domain, say, λ2,Λ . 1, the upper bound is ob-
viously significantly underestimated.
By comparing the chiral Yukawa model to the Z2
Yukawa model, we are able to study the influence of
the additional standard model degrees of freedom on the
Higgs mass bounds. As expected, the bottom quark has
no significant influence on the Higgs mass values, due to
its substantially smaller Yukawa coupling. Higgs mass
values only differ by less than 1 GeV if one neglects the
coupling of the bottom to the Higgs. The main new con-
tributions to the scalar potential and thus to the Higgs
mass are induced by the additional scalar degrees of free-
dom. For the lower bound λ2,Λ = 0 the scalar sector
is weakly coupled, hence the Higgs mass is mainly build
up by top fluctuations (apart from mutual RG backreac-
tions). Therefore, the deviations between the two models
are small for the lower Higgs mass bounds. For a strongly
coupled scalar sector in the UV, λ2,Λ > 1, the situation is
different. There, the additional scalar degrees of freedom
have a significantly larger impact. This results in smaller
Higgs masses, since scalar fluctuations generically tend to
drive the system into the SYM regime. The consequence
of this is a flattening of the scalar potential near its mini-
mum and hence a smaller value for the Higgs mass which
is visualized in Fig. 3.
Finally, we should emphasize once more that the use
of standard-model-like parameters is only for the pur-
pose of illustration. The quantitative difference becomes
obvious, e.g., from Fig. 2 where the “channel” of Higgs
mass values that allow for a large cutoff is centered near
mH ≃ 200GeV. The same channel-like behavior in the
full standard model occurs near mH ≃ 130GeV. This
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FIG. 3. Higgs mass mH as a function of the cutoff Λ for the
chiral Higgs-Yukawa model (black solid lines) as well as for the
simple Z2-symmetric Higgs-Yukawa theory (red dashed lines)
as studied in [41]. For the lower mass bound no significant
difference is observed between the two models. By contrast, a
strongly coupled scalar sector (λΛ = 100) leads to significantly
lower masses in the present model which is a consequence of
the additional scalar degrees of freedom in the chiral model,
see main text.
quantitative difference is mainly due to the influence of
the gauge sectors, in particular the strong interactions.
But also the electroweak gauge sector can take a concep-
tually (if not quantitatively) important influence on mass
bounds: e.g., recent nonperturbative lattice simulations
of the Yang-Mills-Higgs system suggest that the Higgs
mass has to be larger than the weak gauge boson masses
in certain parameter regimes, otherwise the electroweak
sector would rather be in a QCD-like domain [72].
B. Generalized bare potentials
Motivated by previous continuum calculations in the
Z2 model [41] and by lattice studies in the chiral ver-
sion [42], we study whether more general bare potentials
can modify the phenomenologically relevant lower Higgs
mass bound. The main purpose of this study is to demon-
strate that the lower bound can be relaxed without the
occurrence of an in- or metastability of the potential. An
analysis of all conceivable bare potentials is a numerically
challenging problem and beyond the scope of this work.
In fact, already the simplest extension including a φ6
term in the bare potential,
uΛ = λ1,Λρ+
λ2,Λ
2
ρ2 +
λ3,Λ
6
ρ3, (30)
suffices to illustrate our main point. Here, negative values
for the bare quartic coupling λ2,Λ are permissible if the
potential is stabilized by a positive λ3,Λ. Precisely choices
of this type indeed lead to the desired features.
In Fig. 4 we illustrate this generic feature by a simple
example. The black dashed line depicts the lower bound
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within φ4 theory (λ2,Λ = λ3,Λ = 0), whereas the red solid
line shows Higgs masses for the initial data λ2,Λ = −0.1
and λ3,Λ = 3. This example flow shows that the lower
Higgs-mass bound can be significantly relaxed if the re-
striction to bare potentials of φ4 type is dropped. We em-
phasize that this restriction to renormalizable operators
is meaningless for the bare action as Wilsonian renormal-
izability arguments do not apply to the bare field theory
action that might be generated from an unknown under-
lying UV complete theory.
Similarly to the Z2 invariant model, this phenomenon
of a relaxed bound as a consequence of a modified bare
theory can be understood by the RG flow itself [41]. First
note that the parameters for the generalized bare poten-
tial are chosen in such a way that the potential is ini-
tially in the SYM regime; this is also true for the lower
bound within φ4 theory. In the present case of the gen-
eralized bare potential, the negative quartic coupling λ2
flows quickly to positive values whereas λ3 becomes small
as expected in the vicinity of the Gaußian fixed point.
Therefore, the system essentially flows back into the class
of φ4-type potentials. In other words, the system defined
for a fixed cutoff Λ with λ2,Λ < 0 and λ3,Λ > 0 can be
mapped to a system with λ2,Λ > 0 and λ3,Λ ≈ 0 for an
effectively smaller cutoff Λ˜ < Λ. Roughly speaking some
RG time is required to flow from the beyond-φ4-type po-
tentials back to the class of standard φ4-type potentials.
Thereby, the red dashed line can be interpreted as a hor-
izontally shifted variant of the Higgs mass curve derived
from φ4 potentials for effectively larger cutoffs.
We emphasize that the effective potential is stable at
all scales with one well defined minimum for the present
choice of parameters.5 Finally, we would like to point out
that the nonperturbatively computed effective potential
for a finite cutoff is of course regularization scheme de-
pendent much in the same way as the fermion determi-
nant presented above. Choosing different regulator shape
functions would also lead to (typically slightly) differ-
ent Higgs mass curves in Figs. 1 - 4. We expect that
this scheme change could be compensated for by a cor-
responding change of the bare action. Hence, it suffices
to vary only the bare action for a fixed regulator in order
to illustrate our main points.
5 As we compute the effective potential by means of a polynomial
expansion about the minimum, these polynomials can seemingly
develop new minima or instabilities at extremely large field val-
ues as we vary the truncation order Np. In [41], we have there-
fore carefully estimated the convergence radius of this expan-
sion. For all examples presented here, the effective potentials
does not show any instability or second minimum within this
radius of convergence where the polynomial expansion can be
trusted. This is confirmed by numerical integrations of the flow
equation for the full effective potential as performed in [36] using
pseudo-spectral methods (Chebyshev expansion).
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FIG. 4. Higgs mass mH as a function of the cutoff Λ. The
black dashed curve again corresponds to the lower bound de-
rived within the class of φ4-type bare potential. The red solid
line shows an example of Higgs boson mass values derived
from a more general class of bare potentials of Eq. (30) with
the initial UV values λ2,Λ = −0.1 and λ3,Λ = 3. This demon-
strates both that the lower bound can be significantly relaxed
as well as that no in- or metastability is required to occur for
Higgs masses below the conventional lower bound.
VI. CONCLUSIONS
A. Summary
We have analyzed a chiral Yukawa model featuring
the interactions of a scalar SU(2) Higgs field with a chi-
ral top-bottom quark sector similar to the Higgs sector
of the standard model. We have critically re-examined
conventional perturbative arguments that relate a lower
bound for the Higgs mass with the stability of the effec-
tive potential. Based on exact results for the regularized
fermion determinant, we have shown that the interact-
ing part of the fermion determinant contributes strictly
positively to the effective scalar potential for any finite
field value – as long as the UV cutoff Λ is kept finite. We
have shown that this result holds for a variety of regu-
larization schemes including the sharp momentum cutoff
as well as (gauge-invariant) ζ-function/proper-time reg-
ularization schemes.
Furthermore, we have shown that the conventional per-
turbative conclusion of a vacuum in-/metastability of the
effective potential due to top-fluctuations can be redis-
covered if the cutoff is forced to approach infinity to-
gether with standard ad hoc recipes to project onto the
finite parts. For the example of the sharp cutoff, we
have shown explicitly that this corresponds to an illegit-
imate order of limits, as the resulting instability occurs
at scalar field values where the supposedly small expan-
sion parameter of the Λ → ∞ limit is actually of order
one. A similar failure occurs for dimensional regulariza-
tion where the standard procedures of projecting onto
the finite parts violate the positivity properties of the
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interacting part of the effective potential. Our findings
corroborate earlier results from nonperturbative lattice
simulations [32, 33], but in addition allow for a large sep-
aration of the UV cutoff from the Fermi scale and an
analytic control of the corresponding limits.
Because of the presumable triviality of the present
model as well as the Higgs sector of the full standard
model, the cutoff most likely cannot be removed from
the theory – at least not within a straightforward man-
ner. The cutoff as well as a corresponding regularization
scheme should rather be viewed as part of the definition
of our particle physics models that parametrize the em-
bedding of this field-theory description into a possibly
UV complete theory. Still, as long as the cutoff is large
compared to the Fermi scale, Wilsonian renormalization
arguments guarantee that the low-energy observables are
largely insensitive to the details of this embedding. We
have demonstrated that a counter-example to this generic
rule is given by bounds on the mass of the Higgs boson.
In this work, we have not performed an exhaustive
analysis of different bare actions or potentials, but sim-
ply focused on a constructive example that leads to
Higgs boson masses below the conventional lower bound.
Most importantly, this example exhibits no vacuum in-
/metastability.
This together with our basic line of argument involving
exact results for the fermion determinant demonstrate
that there is no reason for concern arising from top-quark
fluctuations as far as false vacuum decay in our universe
is concerned, despite the comparatively light value of the
measured Higgs mass. This does not mean that there
might be no reason for concern at all. For instance, if
the bare scalar potential itself features an instability in-
duced by the underlying UV complete theory, our stan-
dard model could still live in an un- or metastable vac-
uum. Our arguments only exclude instabilities caused by
the fluctuations of the fermionic matter fields within the
standard model.
B. Vacuum stability vs. consistency bounds
Our results suggest a revision of the standard picture
of Higgs mass bounds as a function of the UV cutoff. De-
pending on the implicit assumptions made to derive mass
bounds, this revision might be more or less significant:
From our results on fermion determinants, it is clear
that the conventional interpretation that top-quark fluc-
tuations induce a vacuum instability is not tenable, but
a result of taking an inconsistent Λ→∞ limit. Still, the
top-quark fluctuations play, of course, a decisive role for
the value of the Higgs mass. In order to reconcile these
observations, we propose a UV-to-IR viewpoint: the
Higgs mass bounds should be understood as a mapping
from initial conditions set at the UV cutoff given in terms
of a microscopic bare action SΛ onto all IR values acces-
sible by the RG flow of the system, mH = mH[Λ;SΛ]. In
this manner, Higgs mass bounds arise from consistency
conditions imposed on the bare action. For instance, in
order to start from a well-defined (Euclidean) partition
function, the action needs to be bounded from below.
The conventional vacuum stability bounds then are ap-
proximately equivalent to such a consistency bound aris-
ing within a restricted class of bare actions, e.g., bare po-
tentials of φ4 type; here, the bare φ4 coupling is required
to be positive for consistency of the generating functional.
However, as the bare action is not at our disposal but gen-
erally a result of the underlying UV embedding, there is
no reason to make such restrictive assumptions. Already
for slightly more general bare actions, we have been able
to show that the conventional lower mass bounds can be
substantially relaxed in the present chiral Yukawa model.
The reason is that a more general bare action can modify
the RG flow near and below the cutoff. As a result, the
consistency bound lies below the vacuum stability bound.
In particular, we have given an explicit example with a
Higgs boson mass below the “stability bound” but an
in fact stable effective potential on all scales; our results
are in agreement with lattice simulations [42] and extend
them to a much wider range of scales.
Determining the consistency bound remains an open
problem, the solution of which requires further assump-
tions. One natural but not necessary assumption could
be that the effective action should feature a unique min-
imum on all scales. The consistency bound would then
arise from a complicated extremization problem in the
space of all consistent bare actions subject to the unique-
minimum constraint (to be satisfied on all scales). Even
in this case, it seems unclear whether the bound remains
finite. Therefore, it appears reasonable to add another
physical assumption: since the bare action is expected to
be provided by an underlying (UV complete) theory at
scale Λ, it is natural to assume (in the absence of any
concrete knowledge about the underlying theory) that
the couplings of all possible operators are of order O(1)
if measured in terms of Λ. For future studies, it is one
of the most pressing questions to quantitatively estimate
the resulting consistency bound under such a set of as-
sumptions.
Of course, it appears equally legitimate to give up the
criterion of a unique minimum at all scales, but instead
allow for further minima in the bare action. If the result-
ing IR effective action turns out to have one unique min-
imum again (to be identified with the electroweak mini-
mum), such bare actions can lead to a further relaxation
of the consistency bound described above. In the general
case, it should be possible to construct bare actions with
multiple local minima such that the full effective action
has a global minimum different from the local electroweak
minimum. Since such bare actions are less constrained
than those of the preceding scenarios, we expect the re-
sulting lower Higgs mass consistency bounds to be even
more relaxed to smaller values. Again, a quantitative es-
timate of such consistency bounds including meta-stable
scenarios remains an urgent question.
Comparing the conventional stability bounds with the
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present consistency bounds, the overall picture seems to
be qualitatively similar. The primary main difference is
of quantitative nature, since the unique-minimum con-
sistency bound lies below the stability bound. Wilsonian
RG arguments however suggest that this difference could
become small for large UV cutoffs, as is also reflected
by the example of Fig. 4. Nevertheless, the size of this
quantitative difference substantially depends on the as-
sumptions imposed on the size of the couplings in the
bare action. Also, the consistency bound is necessarily
regularization scheme dependent. As the regularization
actually should model the details of the embedding into
the underlying UV completion, this dependence has a
physical meaning. Even larger differences are expected
between the conventional meta-stability bound and the
consistency bound including meta-stable scenarios. The
reason is that the meta-stable features are expected to
arise from the bare action and thus are largely unknown.
The size of the meta-stable region and corresponding life-
time estimates will be even more subject to assumptions
on the bare action.
C. Outlook
Independently of whether the measured value of the
Higgs boson mass eventually turns out to lie slightly
above or below the conventional lower bound, it is re-
markable that the Higgs and top mass parameters appear
to lie close to a region in the IR parameter space that can
be connected to a bare UV effective potential that could
exhibit almost vanishing scalar self-interactions. In this
sense, a precise measurement of these mass parameters
is relevant beyond the pure goal of precision data. These
measurements can impose requirements that any UV em-
bedding has to satisfy. The viewpoint of consistency
bounds presented above provides a means to quantify
these requirements. Therefore, a comprehensive quanti-
tative exploration of these bounds appears most pressing.
One scenario appears particularly interesting: if the
Higgs mass eventually turns out to be exactly compati-
ble with a UV flat potential (apart from a possible mass
term), a corresponding embedding would have to explain
this rather particular feature. It is interesting to note
that such scenarios exist even within purely quantum
field theory approaches as, for instance, in models with
asymptotically safe gravity [73, 74].
Recently, an asymptotically safe/free scenario in a
gauged chiral Yukawa model has been identified [71], the
UV limit of which corresponds to a flat scalar potential
also allowing for comparatively light Higgs masses in the
IR. In order to explore this option of a UV complete
limit, we perform an RG fixed point search also within
this model along the lines of [68] in App. E. However,
in this ungauged model, we find no reliable indication
for the existence of a non-Gaußian fixed point. Still, our
present findings should serve as a strong motivation to
further search for asymptotically free gauged chiral mod-
els with viable low-energy properties.
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Appendix A: Threshold functions
The threshold functions l,m in the flow equations for
the various couplings parametrize the decoupling of mas-
sive modes. As a function of their mass-type arguments,
they approach zero in the limit of large masses and tend
to a constant value in the zero-mass limit. The explicit
form of these threshold functions depends on the regu-
lator, characterizing the details of the momentum-shell
integration. In this work, we use the linear regulator [75]
which allows to work out the threshold functions ana-
lytically. For the bosonic modes, this regulator is given
by
Rk(p) = Zφp
2 r(p2/k2) = Zφ(k
2 − p2)θ(k2 − p2).
The corresponding chirally symmetric fermionic regula-
tor Rk(p) = Zψp/rF(p
2/k2) is chosen such that p2(1+r) =
p2(1 + rF)
2. For reasons of completeness, we list the
threshold functions appearing in the main text for the
linear regulator:
ldn(ω) =
4(δn,0 + n)
d
1− ηφd+2
(1 + ω)n+1
,
l
(F)d
0L (ω) =
4(δn,0 + n)
d
1− ηLd+1
(1 + ω)n+1
,
l
(F)d
0Rt/b
(ω) =
4(δn,0 + n)
d
1− η
t/b
R
d+1
(1 + ω)n+1
,
l(FB)dn1,n2 (ω1, ω2; ηψ, ηφ) =
2
d
1
(1 + ω1)n1
1
(1 + ω2)n2
×

n1
(
1− ηψd+1
)
1 + ω1
+
n2
(
1− ηφd+2
)
1 + ω2

 ,
mdn1,n2(ω1, ω2) =
1
(1 + ω1)n1(1 + ω2)n2
,
m
(F)d
2 (ω) =
1
(1 + ω)4
,
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m
(F)d
4 (ω; ηψ) =
1
(1 + ω)4
+
1− ηψ
d− 2
1
(1 + ω)3
−
(
1− ηψ
2d− 4 +
1
4
)
1
(1 + ω)2
,
m(FB)dn1,n2 (ω1, ω2; ηψ, ηφ) =
1− ηφd+1
(1 + ω1)n1(1 + ω2)n2
.
These threshold functions agree with those given in [76].
Appendix B: Mean-field effective potential
Let us generalize our results for the fermionic deter-
minant obtained for a sharp cutoff in the main text to a
wider class of regulator shape functions in this section.
This corresponds to a mean-field analysis of the effec-
tive scalar potential for general momentum-space regu-
larization schemes. More technically speaking we inte-
grate Eq. (23) for fixed Yukawa couplings, ha → ha,Λ
(a = {t,b}), as well as fixed wave function renormaliza-
tions, Zi → 1, where the subscript i labels the different
fields, from k = Λ to k = 0. In addition we also ne-
glect the bosonic contributions on the right-hand side of
Eq. (23). The resulting mean-field potential reads:
UMFk (ρ) = UΛ(ρ) + dW
∫
p
∑
a={t,b}
ln
p2(1 + rF,Λ)
2 + h2a,Λρ
p2(1 + rF,k)2 + h2a,Λρ
,
(B1)
where the regulator shape function rF depends on the
momentum as well as on the RG scale, rF,k = rF(p
2/k2).
In order to provide for a regularization, rF(x) should van-
ish for large argument and diverge sufficiently fast to pos-
itive infinity for x → 0. Apart from analyticity for all
finite x > 0, no further requirements on rF are needed;
however, for an interpretation of a physical regulariza-
tion, we assume rF to be positive for finite x. The sec-
ond derivative of the mean-field effective potential with
respect to ρ encodes the fermionic contributions to the
interacting part of the effective potential:
UMFk=0
′′
(ρ) = U ′′Λ(ρ) +
dW
8π2
∑
a={t,b}
h4a,Λ×
×
∫ ∞
0
dp p3
[p2(1 + rF,Λ)
2 − p2][p2(1 + rF,Λ)2 + p2 + 2h2a,Λρ]
[p2(1 + rF,Λ)2 + h2a,Λρ]
2[p2 + h2a,Λρ]
2
.
The integrand is strictly positive for rF > 0 and so is the
integral. This corroborates the conclusion in the main
text that the interaction part of the fermion determinant
is strictly positive for a wide class of regulators.
Furthermore it is instructive to calculate the Higgs bo-
son mass in this simple approximation. For the linear reg-
ulator the mean-field effective potential for k = 0 reads,
UMF = UΛ +
dW
32π2
×
×
∑
a={t,b}
[
−h2a,ΛρΛ2 + (h2a,Λρ)2 ln
(
1 +
Λ2
h2a,Λρ
)]
,
where the decomposition into a negative mass-like term
∼ ρ and a positive interaction part is manifest. The
Higgs boson mass is now given as the second derivative of
the potential at the nonvanishing minimum v = 246GeV
(UMF
′
(v) = 0):
m2H = 2ρ
∂2UMF
∂ρ2
∣∣∣∣∣
ρ=v2/2
=
m4t
4π2v2
[
2 ln
(
1 +
Λ2
m2t
)
− 3Λ
4 + 2Λ2m2t
(Λ2 +m2t )
2
]
+
m4b
4π2v2
[
2 ln
(
1 +
Λ2
m2b
)
− 3Λ
4 + 2Λ2m2b
(Λ2 +m2b)
2
]
+ v2U ′′Λ
(v2
2
)
,
where we have used dW = 2 for 2-component Weyl
fermions. Here it is obvious that the restricted class of
quartic bare potentials (U ′′Λ = λΛ ≥ 0) gives rise to a
lower bound for the Higgs mass for λΛ = 0, nonetheless
no instability is induced by the fermionic fluctuations.
Appendix C: Cut-Off mechanism for the Goldstone
modes
In the main text, we have amended the chiral Yukawa
model with a dynamical mechanism that effectively re-
moves the Goldstone bosons from the low-energy spec-
trum by providing them with a mass of the order of the
gauge-boson mass in the full standard model. Conceptu-
ally, this mechanism can be viewed as an IR deformation
of our model and is neither universal nor unique. Here,
we explore the sensitivity of our results for the Higgs bo-
son mass on the details of this mechanism.
Within our deformation, let us vary the parameter g,
which controls the size of the effective mass for the Gold-
stone bosons proportional to the vev, m2G = (1/2)gv
2
k.
Figure 5 shows the Higgs mass depending on the effective
Goldstone mass at Λ = 107GeV. For a weakly coupled
scalar sector, λ¯Λ = 0 (blue squares), the impact of g on
mH is insignificant. Even if the Goldstone mass changes
by an order of magnitude the influence on the Higgs mass
is less than 2 GeV. The situation is different for a strong
scalar coupling, e.g., λ¯Λ = 10 (red circles). For large ef-
fective Goldstone masses (mG > mH), we observe again
only small deviations from the case mG = 80GeV. This
is because the Goldstone modes decouple roughly at the
same scale as the top and the Higgs. However, if we
choose smaller values ofmG the deviations become larger,
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FIG. 5. Higgs mass mH as a function of the modeled mass of
the would-be Goldstone bosons for a weakly coupled (λ2,Λ =
0, blue squares) as well as for a strongly coupled (λ2,Λ = 10,
red circles) scalar sector. The filled characters mark the Higgs
masses computed for the value mG = 80GeV which we have
used in the main text to derive our quantitative results.
e.g., we observe a deviation of 20% formG = 20GeV com-
pared to the case of mG = 80GeV. Now, the Goldstone
modes contribute over a wider range of scales to the flow
equations than the Higgs or the top quark. This results
in a smaller Higgs mass. For vanishing mG we observe
a log-like running of λ2 (which is presumably an artifact
of our definition of this coupling in terms of a Cartesian
field decomposition). As a result, mH approaches smaller
and smaller values in the limit g → 0.
Of course, beyond the deformation of the model cho-
sen in this work, other methods are conceivable to effec-
tively remove the massless Goldstone bosons to mimic
the physics of the fully gauged standard model. One op-
tion is to choose an arbitrary scale knG within the SSB
regime of the flow, below which all Goldstone boson con-
tributions to the flow equations for RG scales smaller
than knG. This corresponds to switching on a source at
knG which gives the Goldstone modes an infinitely large
mass and leads to an ad hoc decoupling. Another possi-
bility is to introduce a source term Jaφa on the level of
the Lagrangian. This would leave the flow equations un-
changed because only the Hessian of the effective average
action Γ
(2)
k contributes to the Wetterich equation. Still,
the shape of the scalar potential would be changed by this
explicit symmetry breaking term. As a result, source-
dependent mass terms for all scalar degrees of freedom
are induced, and also the vev as well as the couplings be-
come source-dependent, κ = κ(J), λn = λn(J). In any
case, each of these different IR deformations of the model
leads to similar results. They parametrize a decoupling
of the Goldstone modes removing the contamination of
the IR flow by particle degrees of freedom which would
not be present in the standard model.
mt[GeV] mH[GeV] (λ2,Λ = 0) mH[GeV] (λ2,Λ = 10)
163 115.6 264.2
165 118.5 264.6
167 121.4 264.8
169 124.2 265.0
171 127.1 265.2
173 130.1 265.4
175 133.1 265.7
177 136.1 265.9
179 139.3 266.2
181 142.2 266.4
183 145.4 266.7
TABLE I. Higgs masses for the lower bound (λ2,Λ = 0) and
for a strongly interacting scalar sector (λ2,Λ = 10) for a cutoff
of Λ = 107GeV as a function of the top quark mass. Bold
numbers indicate the standard top mass of 173GeV.
Appendix D: Impact of the top quark mass on Higgs
mass values
The top mass plays an important role in the study of
the lower Higgs mass bound within φ4 theory. Within
the perturbative line of reasoning, a change of the top
mass by 1 GeV goes along with a change of the Higgs
mass bound by approximately 2 GeV in standard model
calculations. As the Higgs mass is near (or presumably
below) the conventional lower bound, an accurate deter-
mination of the mass of the top quark in the appropriate
renormalization scheme [29] is crucial for a discussion of
the consequences of this “near criticality” [31].
In this appendix, we study the values for the Higgs
boson mass for a given initial bare potential of φ4 as
a function of the top quark mass in order to analyze
the top quark mass dependence in the present model.
Within our truncation of the effective action, our top-
mass IR parameter automatically coincides with the pole
mass, the latter being the phenomenologically relevant
quantity. (Straightforwardly computable) differences be-
tween these mass parameters only arise at next-to-next-
to-leading order in the derivative expansion.
For the class of φ4-type bare potentials, table I sum-
marizes our results for the Higgs mass for the lower mass
bound (λ2,Λ = 0) as well as for a strongly coupled scalar
sector (λ2,Λ = 10) as a function of the top quark mass
for Λ = 107GeV. For the weakly coupled scalar sector,
λ2,Λ = 0, the Higgs mass is generated essentially through
top quark fluctuations. Therefore, the resulting Higgs
mass values are most sensitive to the precise mass of the
top quark. In the present model, the Higgs mass is shifted
by approximately 3 GeV for a change in the top mass by
2 GeV using a cutoff of Λ = 107GeV. With increasing
cutoff the deviation of the Higgs mass is larger. This
phenomenon is illustrated in Fig. 6 where the spread of
the lower bound for larger cutoff scales is shown.
By contrast, we find only a slight impact of the top
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FIG. 6. Higgs mass mH as a function of the cutoff Λ for
different values of mt. The black solid line is the lower bound
for mt = 173GeV using λ2,Λ = 0 for a φ
4-type bare potential.
In addition lower Higgs mass bounds for mt = 163GeV (red
dashed lower curve) and mt = 183GeV (blue dotted upper
line) are plotted.
mass on the Higgs mass for the case of a strongly cou-
pled scalar sector. This illustrates that the Higgs mass is
rather dominated by scalar fluctuations in this regime.
Appendix E: Fixed point structure
As the flow equation provides us with information
about the system beyond perturbative limitations, we
can explore the properties of the model also at stronger
coupling. In particular, it is worthwhile to search for
possible RG fixed points at finite values of the couplings
(non-Gaußian fixed points), as these offer the chance to
evade the triviality problem. Pure field-theory UV com-
pletions are possible within the asymptotic safety sce-
nario, where the UV limit Λ → ∞ can be taken safely
by means of a UV stable RG fixed point [77], as is even
explored for quantum gravity [78], see [79, 80] for reviews
and examples. Provided such a fixed point exists and has
suitable properties the theory remains interacting (non-
trivial) in the long-range limit and has predictive power.
The search for such fixed points in Yukawa systems
has recently been revived with systematic studies in the
framework of the functional renormalization group. A
general mechanism for inducing asymptotic safety in such
systems has been identified in [67], relying on a dynamical
balance between boson and fermion fluctuations. Chiral
Yukawa models have successively been studied in this
context [68] providing hints for the possible existence of
such fixed points, but also indicating that fully gauged
models may be required for a stable asymptotic safety
scenario of standard-model like theories. Gauged models
indeed appear to offer different routes to UV complete
theories either in the weak-coupling asymptotically-free
limit [71], at fully interacting fixed points (including the
loss of asymptotic freedom) [81], or even in combination
with quantum gravity [82, 83]. In fact, asymptotic safety
has become a viable concept of consistently quantizing
gravity in the recent years. Also nonlinear chiral models
have been explored along this direction [84].
Here, we concentrate again on the pure chiral Yukawa
sector, performing an analysis much in the spirit of
[68], paying particular attention to the additional bot-
tom quark degree of freedom.
1. Symmetric Regime
Whereas the mechanism identified in [67] operates in
the regime of spontaneous symmetry breaking, it is in-
structive to start the fixed point search in the symmetric
regime, where the flow equations are less complex. The
flow equations for the Yukawa couplings using the linear
regulator read in this regime:
∂th
2
t = h
2
t
[
ηφ + 2ηt
− h2b
16vd
d
(
1− ηtd+1
1 + λ1
+
1− ηφd+2
(1 + λ1)2
)]
,
∂th
2
b = h
2
b
[
ηφ + 2ηb
− h2t
16vd
d
(
1− ηbd+1
1 + λ1
+
1− ηφd+2
(1 + λ1)2
)]
,
where λ1 ≥ 0 corresponds to the mass-like term in the ef-
fective potential in the SYM regime. Let us start with re-
solving the fixed point conditions ∂th
2
t = 0 and ∂th
2
b = 0
in leading order in the derivative expansion: for ηi = 0,
both conditions can be satisfied for either hb = 0 and ht
arbitrary or vice versa. Without loss of generality, let us
assume that hb = 0, leaving us with a free parameter h
∗
t ,
labeling a potential line of fixed points. Now it is easy
also to solve the fixed-point condition for the effective
potential, ∂tu = 0, cf. Eq. (23), with an arbitrarily cho-
sen value for h∗t at least within a polynomial expansion
of u(ρ). We do not pursue this any further, since this
line of fixed points does not exist beyond leading order.
At next-to leading order it is necessary to include the
equations for the anomalous dimensions, which read for
the linear regulator in the SYM regime
ηφ =
8vd
d
[
h2t (4− ηt) + h2b(4− ηb)
]
,
ηt =
4vd
d
3h2t + h
2
b
(1 + λ1)2
(
1− ηφ
d+ 1
)
,
ηb =
4vd
d
h2t + 3h
2
b
(1 + λ1)2
(
1− ηφ
d+ 1
)
.
It is useful to study a linear combination of the two fixed
point conditions, 0 = 1
h2t
∂th
2
t − 1h2b ∂th
2
b, assuming that
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ht 6= 0 6= hb,
0 =
1
h2t
∂th
2
t −
1
h2b
∂th
2
b
= 2(ηt + ηb)− 16vd
d
[
1− ηbd+1
1 + λ1
+
1− ηφd+2
(1 + λ1)2
]
(h2t − h2b)
= −8vd
d
[
2
1− ηtd+1
1 + λ1
+
1− dηφ(d+2)(d+1)
(1 + λ1)2
]
(h2t − h2b).
(E1)
In order to justify the use of the derivative expansion
of the effective action, we demand for the anomalous di-
mensions ηi to remain sufficiently small also at a possible
fixed point, η∗i . 1. As a consequence, the term in the
square bracket of Eq. (E1) is positive. This condition
can only be solved by h2t = h
2
b. Therefore the system of
algebraic fixed-point equations reduces to
0 = ηφ + 2ηt − 16vd
d
h2t
[1− ηtd+1
1 + λ1
+
1− ηφd+2
(1 + λ1)2
]
,
ηt =
16vd
d
h2t
1− ηφd+1
(1 + λ1)2
,
ηφ =
16vd
d
h2t (4 − ηt).
(E2)
The constraints on the anomalous dimensions ηi < 1 im-
ply that also ηi > 0 holds, as the negative terms lin-
ear in ηi on the right-hand sides of Eq. (E2) remain
subdominant compared with the positive terms. Ex-
pressing the constraints 0 < ηφ < 1 and 0 < ηt < 1
through a constraint on the top Yukawa coupling via the
last two lines of Eq. (E2) leads to a constraint on h2t :
0 ≤ h2t ≤ 4π2[5(1+λ1)2−
√
5
√
(1 + λ1)4 − (1 + λ1)2] for
d = 4. Within this constraint, a solution for the fixed
point equation (first line of Eq. (E2)) does not exist in-
dependently of any permissible value of λ1. Hence, we
do not find a nontrivial fixed point within our present
truncation in the symmetric regime in four spacetime di-
mensions.
2. SSB regime
Because of the couplings of the fluctuating fields to the
condensate the structure of the flow equations in the SSB
regime is much richer than in the symmetric case. As a
starting point we analyze the beta functions to leading
order in the derivative expansion and expand the poten-
tial to the lowest nontrivial order in the field invariant,
u = λ22 (ρ−κ)2. Therefore, we have to solve the following
nonlinear system of equations:
∂tκ =βκ(κ
∗, λ∗2, h
∗
t , h
∗
b) = 0,
∂tλ2 =βλ2(κ
∗, λ∗2, h
∗
t , h
∗
b) = 0,
∂tht =βht(κ
∗, λ∗2, h
∗
t , h
∗
b) = 0,
∂thb =βhb(κ
∗, λ∗2, h
∗
t , h
∗
b) = 0,
where the flow equations can be read off from Eqs. (23)
and (24). For the linear regulator, this system can be
solved analytically resulting in two inequivalent fixed
points for admissible physical parameters (κ > 0, h2t ≥ 0,
h2b ≥ 0, λ2 > 0). The values of the fixed point couplings
are listed in Tab. II. First of all note that there are two
additional fixed points by exchanging the numerical val-
ues for h∗t and h
∗
b due to the fact that the flow equations
are symmetric under an exchange of the Yukawa cou-
plings. Of course, these additional fixed points are phys-
ically equivalent to those given in Tab. II, corresponding
to a mere renaming of the couplings.
κ∗ λ∗2 h
∗
t
2
h∗b
2
0.006749086 14.6058 6942.84 0
0.000934843 270.652 661.201 0
TABLE II. Fixed point values for the various parameters in
the SSB regime to leading order in the derivative expansion.
Furthermore, the flow equations of the Yukawa cou-
plings are proportional to the Yukawa couplings them-
selves, ∂th
2
a ∝ h2a, which leads to a decoupling of the
bottom quark at all scales. Therefore the system reduces
to that studied in [68].
In order to check if these fixed points persist beyond
the leading order, we have to include the anomalous di-
mensions of the fields. As long as these quantities, which
measure the influence of higher derivative terms in our
truncation, remain small, the derivative expansion ap-
pears legitimate. For a first impression of the size of
the anomalous dimensions, we insert the leading order
fixed point values listed in Tab. II into the right-hand
sides of Eqs. (25)-(26). Similar to the results of [68] the
anomalous dimensions of the fields at the fixed points
are large, especially ηt is much larger than one, (ηt ≃ 22
for the first fixed point and ηt ≃ 4 for the second one).
This casts serious doubts on the existence of these fixed
points in the full theory. In fact, it has been shown nu-
merically in [68] that the fixed points do not persist as
soon as back-reactions of the anomalous dimensions are
included. This can be traced back to large contributions
of massless modes, such as the Goldstone and bottom
quark modes near the would-be fixed point.
To summarize, we find no indications that the present
chiral model in its pure form supports physically accept-
able fixed points within the validity domain of the deriva-
tive expansion of the effective action.
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